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A theoretical investigation was made of free-molecule flow through
a duct of circular cross section. The molecular flux to the duct wall
and exit plane was calculated along with the total flow rate through the
duct. The density field was calculated at the duct exit and along .the
centerline for various duct wall temperatures and thermal accommodation
coefficients. It was concluded that an experimental determination of
the thermal accommodation coefficient can be made by measuring the effect
of the duct wall temperature on the density field.
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Symbol

)

(FIW x/L

Fow) | (/1= (2/1) | O

Frede/r

(FWE)x/L,r/R 1Y)

DEFINITION OF SYMBOLS

Definition
form factor for flux from duct entrance to a
point on wall at a dimensionless distance x/L
from entrance
form factor for flux from a ring element 5%
wide of duct wall to a point on the wall at a

dimensionless distance ](x/L) - (E/L)I

form factor for flux from entrance to a point
r/R on exit

form factor for flux from a ring element 52
wide of duct wall a dimensionless distance x/L
from entrance to a point r/R on exit

duct length

molecular weight

number of collisions

molecular flux from reservoir to entrance plane

dimensionless molecular flux to exit plane at
r/R for molecules reaching exit after n collisions

total dimensionless molecular flux to exit
plane at r/R

dimensionless molecular flux to duct wall at
x/L for molecules reaching point on wall after
n collisions

total dimensionless molecular flux to duct
wall at x/L

total flow rate

radial distance
duct radius

universal gas constant



DEFINITION OF SYMBOLS (Continued)

Symbol Definition

T, reservoir gas temperature

Ts duct wall temperature

Tn gas temperature after n collisions

v mean molecular velocity

Go reservoir mean molecular velocity

X axial distance from duct entrance

o thermal accommodation coefficient

Po reservoir number volume density of gas

molecules

(o/p.) dimensionless number volume density at r/R

o’r/R,n

on exit for molecules reaching exit after
n collisions

(o/p.) total dimensionless number volume density at
o’r/R o
r/R on exit

(o/ po) dimensionless number volume density at x/L
x/L,n - . .
on centerline for molecules reaching exit

after n collisions

o/ p.) total dimensionless number volume density at
o’x/L .
x/L on centerline

vi




TECHNICAL MEMORANDUM X-53156

A STUDY OF DENSITY VARTATIONS IN FREE MOLECULAR.FLOW
THROUGH CYLINDRICAL DUCTS DUE TO ACCOMMODATION COEFFICIENTS

SUMMARY

A theoretical investigation was made of free-molecule flow through
a duct of circular cross section. The molecular flux to the duct wall
and exit plane was calculated along with the total flow rate through
the duct., The density field was calculated at the duct exit and along
the centerline for various duct wall temperatures and thermal accommoda-
tion coefficients. It was concluded that an experimental determination
of the thermal accommodation coefficient can be made by measuring the
effect of the duct wall temperature on the density field,

A =
F7.2
I, INTRODUCTION

Recent requirements for space enviromment simulation facilities
have resulted in increased effort toward understanding and predicting
the behavior of low density gas flow. Many of these studies have beeh
directed toward the prediction of flow rates through complicated duct
systems, the development of cryopanel shapes for optimum pumping speeds
in high vacuum systems, and the prediction of the properties of the flow
field surrounding bodies in high velocity flight in the upper atmosphere.

Free-molecule flow rates through tubes were first investigated
theoretically and experimentally by Knudsen [1]. These studies were
made for flow in long capillary tubes (the tube length being much longer
than its radius) for which end effects may be neglected. Clausing [2]
later extended the flow rate theory to the case of short tubes and ducts.
The same mathematical problem was solved independently and almost simul-
taneously by Hottel and Keller [3] for the case of thermal radiation
through furnace openings. Hottel and Keller's results are nearly
identical with Clausing's. The accuracy of Clausing's solution was
verified nearly 20 years later by Demarcus and Hopper [&4].

Other investigators [5, 6, 7, 8, 9, 10, 11] have studied molecular
flux and flow rates for various conditions of free-molecule flow.

The calculation of density fields for free-molecule flow was made
by Bird [12] for the field about moving-bodies of various geometries,
Touryan [13] for the flow over a circular plate, and Howard [14] and
Gustafson and Kiel [15] for flow through orifices.




Sparrow and Haji-Sheikh [16] investigated, among other parameters,
the density field through circular ducts for the case of perfect thermal
accommodation of the molecules at the duct wall (a thermal accommodation
coefficient of the duct wall material of unity).

The purpose of this study is to determine theoretically the flow
rate and density field through a circular duct at various duct wall
temperatures and thermal accommodation coefficients.

II. ANALYSIS AND DISCUSSION OF RESULTS

Consider the following illustrated circular duct:

wopr N e

The entrance is exposed to an infinitely large reservoir of rarefied
Maxwellian gases at density, pg; and temperature, T , while the exit is
exposed to a vacuum. The dimensions of the duct are small in comparison:
to the mean free path of the gas molecules so that the flow of molecules
in the duct may be considered "free-molecular'"; i.e., intermolecular
collisions may be neglected in comparison to the collisions of molecules
with the duct wall, Diffuse (cosine law) scattering of the molecules by
the wall will be assumed, (Experiments by Knudsen [17] and others on

the reflection of molecular beams from glass and polished metal surfaces
indicate nearly 100 percent diffuse reflection.,) Moreover, it is assumed
that the system is in equilibrium and that all molecules incident on a
surface are reflected without adsorption, outgassing, or surface reactionms,




The molecular flux for molecules leaving the reservoir at the duct
entrance is [21}:

95 < o «RTO/ZDle/Z-

Some of these molecules pass through the duct without any collisions,

Those molecules that collide with the wall may, after one or more col-
lisions, finally leave the duct through the exit or be scattered back

into the reservoir.

With each collision, the molecule will gain or lose some of its
energy, the amount of gain or loss depending on the duct wall tempera-
ture and the thermal accommodation coefficient. Although this gain or
loss of energy does not influence the probability of eventual passage
through the duct (and, hence, the equilibrium flow rate), it does
influence the density field.

It has been shown [1l, 2, 3] that it is not necessary to consider
each collision in computing molecular flux and flow rates. Since each
collision affects the density field, however, it was convenient to cal-
culate the contribution to the molecular flux of each collision with
its resulting contribution to the density field.

A, Molecular Flux and Flow Rates

There are two distinct methods now in use for computing molecu-
lar flux and flow rates under highly rarefied conditions, The first
method, known as the Monte Carlo technique, is particularly well suited
to complicated geometrical shapes. This method traces many individual
particles through randomly chosen paths. A sufficient number of these
random paths is traced to statistically determine the most probable
distribution of particles over the geometrical shape. This method was
used by Ballance, Roberts, and Tarbell [18] to study molecular fluxes
for various cryoarray configurations in a high vacuum cryopumping system,
It was also used by Davis [19], to calculate the flow rate through ducts
of various shapes.

The second method, designated the "molecular kinetics" method
by Link [20], is based on the analogy between radiant energy transfer
and free-molecule kinetics [20, 21]. The procedure used in this method
is to subdivide the geometry into discrete elements for which a radia-
tion "form factor'" may be calculated, This method, particularly useful
for simple geometries for which published values of form factors exist,
will be used in the present study. '



1. Molecular Flux to Duct Wall

Based on radiation analogy principles, the molecular flux
to the wall of the previously illustrated duct due to a collisionless
passage from the reservoir is

(qw/qo)x/L’o = (FIW)X/L’ (2)
where [22]
= (L/R)2(x/L)2 + 2
Frpdy = /2 {[ T GIDE T aTE - R (x/L)} . (3)

The molecular flux on the duct wall for molecules reaching
the wall after n collisions is

1
(/9 /1,m ™ f Fndd | /L) - /)| W% grr,ne1 GHD &)
(o]

where [3]
) | ey - (/ny]~ GG <
WR) | (/1) - (/)| —LRELGD) - WD+ e (5
{am? (e - a1+ af




The total molecular flux on the duct wall is obtained by
summing the fluxes for each collision as follows:

(/) /7, = Z (34/99) /1 n* 6)
n=0

The total molecular flux at the duct wall surface was
calculated from equations (2), (4), and (6) for a duct of dimensions,
L/R = 2.0, Equation (4) was integrated numerically by the procedure
described in Appéndix A, The summation in equation (6) was carried out
to 20 collisions. The results are presented in Figure 1 along with the
contributions of the first few collisions. It is seen that the contri-
butions rapidly become insignificant after a few collisions. Also, the
total flux distribution is remarkably linear, Hottel [3] made the same
observation in his radiation analysis and suggested that a simple solu-
tion of the problem could be made by assuming a linear total wall flux
distribution and then solving for the exit flux,

2, Molecular Flux at Exit Plane

The exit molecular flux at radial position r/R for a
collisionless passage from the reservoir through the duct is

/9 /r,0 = Frede/r2 @

where [22]

Fpp)esg = A1) <_ (L/R)2 + (x/R)2 - 1 ”}. )
{[(L/R)Z + (r/R)2 + 112 - 4(z/R)%

The molecular flux for molecules reaching the exit after
n collisions is

1

(qE/qo)r/R,n - v/‘ (FWE)X/L,f/R (qW/qo)x/L,n—l d(x/L), )
o



where

(FWE)X/L, r/R

- 2(L/R)2(A - x/1) —LREA - /)P - (/RIZ 41

afa
{[(L/R)Z(l - x/L)2 + (x/R)2 + 112 - 4(r/R)2}

(10)

Equation (10) is derived in Appendix B.

As in the case of the flux to the duct wall, the total flux

to a point on the exit is obtained by summing the contributions for
each collision:

[ee]

(qE/qo)r/R= Z (qE/qo)r/R’n- (11)

n=0

The contribution to the center exit flux for each collision
is presented in Figure 2 as a function of collision number for a duct with
dimensions, L/R = 2.0. (Again, the equations were integrated numerically
by the procedure of Appendix A, and the summation was carried to 20 col-
lisions). As shown previously for the wall flux, the contribution
rapidly becomes insignificant with increasing collision number.

The total flux distribution over the exit is shown in Fig-
ure 3 along with the contributions of the first few collisions. An
interesting characteristic of the distribution curves is their boundary-
layer-like decrease in magnitude at the edge of the duct. This curvature
is displayed by all contributions involving one or more collisions.

3. Total Flow Rate

The total flow rate through the duct is obtained by integrat-
ing the total molecular flux distribution over the exit:

1
Q/a, = f(qE/qo>r,R dA = 2R? f (@g/a,), /g (F/R) d@/R).  (12)
(o]




The flow rate through ducts of several L/R ratios was
calculated numerically from equation (12) by the procedure of Appendix C
and is presented in Figure 4 compared with Clausing's [2] calculations.
For an L/R ratio of 2,0, there is a difference of 0.1 percent for the
present calculations when compared with Clausing's.

B. Density Fields

The number volume density p of molecules at a point due to the
flux from.an element of area dA at a distance d from the point is
determined by [12]

dp = q cos g dA/vIAZ = (q/Vv)(dw/ID), (13)

where dw = cos § dA/d2, q is the flux from the surface element dA, ¢ is
the angle between the normal to dA and the line d, and Vv is the mean
velocity of the molecules,

The reservoir flux (the flux from the reservoir to the duct

entrance) q,> can be expressed in terms of the far upstream reservoir
density and mean molecular velocity as follows [21]:

9 = (/%) poao' (14)

Combining equations (13) and (14) yields

Aol po = (/%) [(a/a0)/ @/v5)] (dw/TD). (15)

For the denmsity due to the flux directly from the reservoir,
the flux and mean velocity ratios become unity and the demsity is found
from

(p/po)r/R,o = (1/4)fdw/I[, (16)

where the integration is over the solid angle enclosed by the duct
entrance.




1, Density at Exit Plane

The center exit density due to a collisionless passage from
the reservoir is found from equation (16) to be (Appendix D)

= (L/R)
(p/po)o,o - (1/2) { - [(L/R)2 + 1]1/2} . (17)

For positions on the exit other than center, equation (16) is integrated
numerically by the procedure described in Appendix D.

The equation for the density at r/R for molecules reaching
the exit after n collisions, obtained from equation (15), is

_ 1
n’ *o

where (Appendix E)

, n-1
T, /T, = (1 - )"+ a(Tg/Ty) Z a-o (19)

i=o

and the integration is performed numerically over the solid angle
enclosed by the duct wall by the procedure described in Appendix D. The
mean velocity ratio is equal to the square root of the temperature ratio
because of the assumption of a Maxwellian velocity distribution at all
times (12).

The contribution to the center exit density is presented in
Figures 5 and 6 as a function of collision number for a duct of dimensions,
L/R = 2.0, and various duct temperatures and thermal accommodation coef-
ficients. As with the molecular flux, the contributions rapidly become
insignificant with increasing collision number.

The total density at a point on the exit is found by summing
the contributions for each collision:




(p/po)r/R = E{: (p/po)r/R,n' (20)

n=o

As with the total flux calculations, the summation was carried out to
20 collisions for these results,

The total exit density distribution is shown in Figure 7
along with the contributions of the first few collisions for a duct of
~ dimensions L/R = 2.0 with a duct to reservoir temperature ratio Tg/T,
of unity. The variation of the total exit density distribution with
duct temperature is shown in Figure 8 for a duct of the same dimensions
with a thermal accommodation coefficient of unity. As with the flux
distribution, there is a sharp boundary-layer-like decrease in magnitude
at the edge. It is also observed that the exit density decreases with
increasing duct temperature.

Figure 9 shows the variation of exit density distribution
with thermal accommodation coefficient for two duct temperatures. For
a duct to reservoir temperature ratio, T /To, greater than unity, the
density ratio p/p, increases with decrea51ng thermal accommodation coef-
ficient ¢, while %or T /T0 less than unity, p/p decreases with decreas-
ing @ In both cases p/p approaches the condltlon for T4 /Ty equal to
unity as ¢ approaches zero. Equation (19) shows that TS/TO equal to
unity with any ¢ yields the same results as Tg/T, not equal to unity
with an ¢ equal to zero.

In Figures 10 and 11 is shown the variation of the center
exit density with duct temperature and thermal accommodation coefficient
for ducts of dimensions L/R = 2.0 and L/R = 4.0, Comparing the two
figures shows that the density has decreased considerably by increasing
L/R. Notice that the curves intersect at Tg/T, = 1.0 and spread as
Tg/T, approaches zero or infinity. The amount of density variation
shown in these figures indicates the feasibility of an experimental
determination of the thermal accommodation coefficient by measuring
the effect of the duct wall temperature on the density field.

2. Density on Centerline

The centerline density distribution is found by integrating
equations (15) and (16) from a point on the centerline. The resulting
equations are

_ (L/R) (x/L) }
= (1/2) <1 - (21)
(ol pod1,0 = /D { [(L/R)2(x/L)2 + 1]2/2




for zero collisions, and

1
(p/po)X/L’n = __—7_4(Tn/To>l s f(qw/qo)ﬁ/L,n_]L (dw/Im) (22)

for n collisions. Equation (22) is integrated numerically over the
solid angle enclosed by the duct wall in a manner similar to the integra-
tion of equation (18). The derivation of equation (21) and the procedure
for integrating equation (22) is described in Appendix D. The total
density is obtained by summing the contributions for each collision.

The total centerline density distribution is presented in
Figure 12 along with the contributions of the first few collisions for
a duct of dimensions L/R = 2.0 and a duct to reservoir temperature ratio
Ts/To of unity. The variation of the centerline density distribution
with duct temperature is shown in Figure 13 for a duct with the same
dimensions as in Figure 12 and with a thermal accommodation coefficient
of unity. It is seen that the total density ratio p/po approaches unity
for upstream of the duct and zero far downstream, The variation in
density with duct temperature appears to be most pronounced in the second
quarter segment downstream of the duct entrance.

The variation of centerline density distribution with thermal
accommodation coefficient is shown in Figure 14 for two duct temperatures.

The variation here follows the same pattern as in Figure 9,

C. Accuracy of Results

It was mentioned in the discussion of flow rates that for an L/R
ratio of 2.0 the present calculations of flow rates are within 0.1 per-
cent of the results of Clausing [2]. Demarcus [4] showed that Clausing's
flow rate calculation for a duct of those dimensions are correct to
within 0.12 percent. Since the present calculations of density are com-
puted essentially in the same manner as the present calculations of
molecular flux and flow rates, it is inferred that the density results
are correct to within at most one or two percent,

D. Computer Program

The calculations described herein were performed on an IBM 7090
computer, The computer program was written in Fortran IV language and
is presented in Appendix F,
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ITI. POSSIBLE EXPERIMENTAL VERIFICATION

Most of the available publications dealing with density measurements
in rarefied gas flow describe techniques using scattering and attenuation
of various beams such as electron beams [23, 24] and gamma radiation [25].
It is recommended that the electron beam scattering technique described
in References 23 and 24 be investigated as the most promising approach to
experimental verification of the results in this report.

IV, CONCLUSIONS

1. DNearly all of the molecules which pass through a duct of
dimensions L/R = 2.0 under conditions of free molecule flow have fewer
than 10 internal collisions during passage through the duct.

2. The molecular flux to the duct wall is a nearly linear function
of axial distance for a duct of dimensions L/R = 2.0,

3. The molecular flux and volume density are nearly uniformly ’
distributed over the duct exit with the exception of a sharp boundary-
layer-like decrease in magnitude at the edge.

4, For a duct of dimensions L/R = 2.0 with a thermal accommodation
coefficient of unity, an increase by a factor of two in the duct tempera-
ture from the ambient gas temperature results in a decrease in exit
density of approximately 30 percent,

5. An experimental determination of the thermal accommodation coef-
ficient by measuring the effect of the duct wall temperature on the
density field appears feasible.

6. Reference 27 obtained exit flux distributions for circular ducts,
but the method used was believed to be unreliable for positions on the
exit plane near the wall, The curves, therefore, were extended through
this region so that the "boundary layer" effects noted in this study
were not shown.,

11



APPENDIX A
PROCEDURE FOR NUMERICAL INTEGRATION OF FLUX EQUATIONS
The numerical integrations of equations (4) and (9) were accomplished

by dividing the duct into 50 identical circular elements as illustrated
below: :

H——L———{ii

- 14% r R

.x,{ - - * } B i
) - [=L/50 } |
Entrance Exit

The average value of (qy/q,) and Fyy over a ring element are taken to
be those calculated at the circle halving the element. Equation (4)
then becomes

50
/90y /1,n = (/30 Z {(Fww)](x/L)-(i-l/Z)/SOI} (94967 (1-1/2)/50,0-1°
i=1

(a-1)

Equation (9) becomes

50
(/90 /g n = (1/50)2 {(FWE)(i-l/Z)/SO,r/R (9794 (1-1/2)/50,n-1"
i=1

(a-2)

13




APPENDIX B

DERIVATION OF WALL TO EXIT FORM FACTOR

The form factor given by equation (10) is derived by the method of
Reference 3 wusing the following illustration.

The molecular flux at r on the exit due to collisionless traversing of
molecules from a disc S enclosed by a cylinder at a distance g from the
exit is

qg = F(£)q, (B-1)

where q is the flux across the disc S,

The flux from a disc at g + 4 from the exit is

qp + 8ap = F(p)q + F'(£) deq. (8-2)

15



The quantity &qp = F'(4) 54 is actually negative due to decreasing F(£)
with increasing 4 and may be considered due to the flux q from the wall
strip enclosed by &4.

Therefore, the form factor for flux from a wall element &4 wide is
-F' (£) 4.

The form factor, F, for flux from the disc S in the preceding
illustration is [22]

= (1/2) <iE:} (x/R)2 + (L/R)Z (#/1)2 - ::>>

[r/R)2 + (L/R)® (£/L)% + 1]% - 4(r/R)2}

(B-3)

The form factor given by equation (10) is obtained from equation
(B-3) by

Fyg) g/r,e/r = F O

= 2(L/R)2(4/L) (L/R)2(4/1)2 - (x/R)Z + 1

Y-S (8-4)
[L/R)2(£/L)2 + (x/R)Z + 1]2 - 4(r/R)%}

or

(F )x/L,r/R

= 2(L/R)2(1 - x/L) (L/R)2 (A - x/1L)2 - (£/R)Z + 1

-{[(L/R)Z(l - x/1)2 + (x/R)2 + 1]2 - 4(r/R)%}

(B-5)

16




APPENDIX C

INTEGRATION PROCEDURE FOR TOTAL FLOW RATE

The numerical procedure for integrating equation (12) is similar
to the procedure described in Appendix A. In this case, however, the
trapezoidal rule was used as follows:

1
QE/szqo =2 \jn (qE/qo)r/R (xr/R) d(x/R)
o

49
= (1/1250) Z 1@ag/9,) 150 + (1/50) (ag/a )y o (¢c-1)

i=1

where i is an integer from one to 49 and the radius R is divided into
50 equal elements R/50.

17



APPENDIX D

DERIVATION OF DENSITY EQUATIONS

A. Exit Density

1. Zero Collisions

The center exit density for zero collisions is obtained by
integrating equation (16) over the solid angle enclosed by the entrance
as illustrated.

vLZ+RZ
(.p/p°)0,0’= 1/4) fdw/I[
%o
= (1/2) f sin g dg (D-1)

L/R
a’z) ‘{ - [(L/lg)z-)l- 1]1/2} .

For positions on the exit other than center a numerical integration is
performed as illustrated.

19



Ar <

The element of solid angle Aw enclosed by the element of
area defined by Ag and Ar' is (equation (13)):

Aw = Lim r'Ag Ar' cos /d=,

e (0-2)
r -0
where r' and g are taken at the midpoint of the element., Now
cos p = L/d (D-3)
and
d = L2+ 2+ 2 C 2rr' cos g)i/2, (D-4)

We will choose Ar' = R/20 and Ag

[}

1I/20, Equation (D-2) then becomes

(I/8000) (L/R) (i - 1/2)

. . A ST A=A
{(L/R)z bz e Lo UDE G =YD gy cos 1U 501/2)111}

Ny =

(D-5)
where i and j are integers from one to twenty.

20




The integral of equation (16) over the solid angle
enclosed by the entrance would be twice the summation of equation (D-5)
for i and j from one to twenty:

(p/po)r/R , = [@/Rr)/16,000]

3

20 20
z (G-1/2)
- > ) | YR
f= =] {kL/R)g + (£/R)2 + (4 203/2) _ G 101/2) (r/R) cos lil_:zé/ZZH!
(D-6)

2, n Collisions

The exit density for n collisions is obtained by integrating
equation (18) in a manner similar to the above described integration of
equation (16):

o
AX > |.§L
™ T A
’/ d—L R
! g Ty
= — ;|A¢ — 1 - L
by { ? :
i \
\ Y

The element of solid angle Aw enclosed by the element of
area defined by Ag and ax is (equation (13))

Ny = Lim RA gM&x(R - ¥ cos g)/d3
NG —> O

X — 0.
21



We choose Ax = L/50 and Ag = II/20 so that equation (D-7) becomes

II[(L/R)/1000] 4& - (x/R) cos [(j - 1/2)H/20]}

. = ) 37
{} + (L/R)Z [1 - Li—éaliglJ + (x/R)2 - 2(x/R) cos {il—:—llglEJ}-

20

(D-8)
where i is an integer from one to fifty and j is an integer from one to

twenty. The integral of equation (18) over the solid angle enclosed by
the duct wall would then become

50

N (L/R)
(p/po)r/R,n = 2000 (Tn/To)1/2 j{; (qw/qo)(i-l/Z)/SO,n-l
i=1

20
. 1 - (r/R) cos [(j - 1/2)11/20]
. . - =1z .
= {1 ¥ (W/R)Z [1 ) L_Sol_/zz] ¢ @R - 20e/B) cos [g; -zé/zzn}

(D-9)

B. Centerline Density

1., Zero Collisions

The derivation of the centerline density equation for zero
collisions is very similar to that derived for the center exit:

VxZ+R2Z -a,*; R
1 — - -
) 1
\| ¢ ¢o
\
22 ~— * -____—_——q’l




%
= : . _ L/R) (x/L
(ol )y y1,0 = /D f sin ¢ dg = (1/2) {1 - TR G2 T -
(o]

(D-10)
2, n Collisions

The centerline density for n collisions is . obtained by
integrating equation (22) over the solid angle enclosed by the duct
wall:

s !

_g,_.,.{ | R
BT

e L >

The element of solid angle Ax enclosed by the ring element of duct wall
X is

Aw = Lim 2R? Ax/d3, (p-11)
X -0

We will choose Ax = L/50 so that equation (D-11) becomes

= 1/ 25) (L/R) . oz, ©-12)
'{1 + (L/R)Z[(X/L) - %”zlﬂ

where i is an integer from one to 50.
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The average value of

(qw/qo)x/L,n-l

over a ring element was taken to be the value calculated at the circle
halving the element, The integral in equation (22) then becomes

50

o/ 0o) - RN (94997 (1-1/2)/50,n-1 e
o’/x/L,n =~ 100(T,/T,) 2 : - .
n’/ o izl {} + (L/R)Z{(X/L) - ﬁi_éﬁllgl}:}

(D-13)
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APPENDIX E

DERIVATION OF GAS TEMPERATURE AFTER n COLLISIONS

The thermal accommodation coefficient ¢ may be defined by [26]:

Q= (T - T)/ (T - 1), (E-1)

where T, is the energy (temperature) of the gas leaving the surface

after one collision, Tg is the surface temperature, and T, is the gas
temperature prior to the first collision. Rearranging equation (E-1)
yields the expression for the gas temperature after one collision:

Ty/Ty = (1 - &) + a(Tg/Ty). (E-2)

Extending this equation to the nth collision yields

n-1
T/T, = (1 - )™ + Z a- ot /. (E-3)

i=o
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APPENDIX F

COMPUTER PROGRAM

The computer program used in obtaining the results in this report
is given on the following three pages written in Fortran IV language.
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$J0OB

6742

9876

49273

58

59

35

36

876

361

I 28

35/P ARMSTRONG 2346821900+2251900

SEXECUTE IRJOR
$IBJOR AMSTNG LOGICIMAPSFILES
$IRFTC MOLFLO LISTsRFF4MI4,4XRTsNFCK

DIMFNSTON SUMJ(60451)

NIMENSTON  T(51)sQE(51+51)sDENI5157) sXDEN(ENRT) sOW(50451)

NIMENSTION FWFE(50551) sFWW(509580) sRAF(51)+sRNEN(S1) sRXNEN(EN)

DIMENSION RQWI(50)sS0W(51)

CONTINUE

CALL MAVRIK(ERRsSHTSOTCsTSOTOsSHALPHA sALPHA s 4HMAXNsMAXN »

1  4HXLORsXLOR)

IF(ERRWNELO.) CALL DUMP

P1=3,1415926

N=1

WRITF(659876)

FORMAT {1H1+22HFREE MOLFCULE FLOW THROUGH DUCTS//)
WRITF(6+4923)TSOTO,ALPHA s XLOR

FORMAT (1H +6HTS/T0=1PE1547 91X s6HALPHA=IPF15.7+1X94HL/R=1PE15,77/)

T(NY=).

ROR=04

DO 35 K=1,51

QE(KsN)=a5% (1o~ (XLOR®%X2+ROR%¥%2=1,)/SORT((XLOR*%2+ROR* %241, ) *%2~
2 44*ROR%%2))

IF(KeNEJ1) 6O TO 58

DEN(KsN)=45%(1e~XLOR/SQRT (XLOR*%2+1,))

GN TO 59

DEN(KsN)=0,

DO 4 J=1,520

DO &4 1=1520

XI=1

XJ=J
REN(KsN)=DEN(KsN)+(XT=05) /( XLOR¥%2+ROR*¥2+ (X1 =45) %%2/400a—(XT1~05)
2 ¥ROR/10e%COS{(XJ=eB5)¥P1/20e))%¥%(34/24)

CONTINUE

DEN(KsN}=DEN(KsN)*XLOR/16000.

CONTINUE

ROR=ROR+4 02

CONTINUE

XOL=0,01

PO 36 L=1+50

QWL oN)=e5%( ( (XLOR¥%¥2¥XOL¥*¥2+24)/SORT (XLORX %D ¥XOL ¥%¥2+4 ) )~
2 XLOR*XOL) ‘ '

XOL=XOL+402

CONTINUE

XOL=~1.

DO 876 L=1s31

XDEN(LsN)=e5%(1e~XLOR¥XOL/SQRT (XLOR¥*¥2¥XOL*%2+14e))
XOL=XOL+e1

CONTINUE

XOL =401

DO 9 L=1550

ROR=0,

PO 10 K=1,51

SUMJ (L sK) =0,

DO 361 J=1520

XJ=J

SUMJ(LsK)=SUMJ(L sK)+(1e=ROR*¥COS((XJ=e5)/20e%P1))/(1e+XLOR*X2%
X (1le=XOL)*%2+
2 ROR#¥2-2 (#¥ROR*¥COS((XJ=e5)/20e*P1) ) *¥%¥(3a/24)

CONT INUE




FWE(LIK) =2 #XLOR¥%2¥ (] ¢—XOL )X (XLOR¥%23# (] 4—XOL)*%*¥2~ROR*%*2+14)/
2 (IXLORR3#2% (1o —XOL)RH24ROR* K241, ) ¥ ¥ D=4 ¢ X¥ROR# XD ) H¥(24/2,)
ROR=ROR+.72
1N CONTINUE
VLF‘L:.O]
NO 11 M=1,50
FAW(LOM)=1e=XLOR*ABS(XOL-=XLOL}* (XLOR®*¥2% (XOL-XLOL)*¥2+K4)/
2 (XLOR®X2%¥ (XDL-XLOL ) ® %D 44 4 )¥%¥(3,/7,)
XLOL=XLOL+e02 .
11 CONTINUE
XOL=XOL+.02
9 CONTINUE
DO 38 N=1+MAXN
I€(NJEQel) GO TO 720
SUMTS=0.
NN=N-1
IF(ALPHALFQ.1s) GO TO 100
DO 1 II=14NN
I1=11-1
SUMTS=SUMTS4+(1«~ALPHA) *¥#]%TS0OTO
1 CONTINUE
TIN)={1e—ALPHA) *¥NN+SUMTS*ALPHA
.10C IF(ALPHAER1«)TIN)=TSOTO
ROR=0.
DO 962 K=1+51
DEN(KsN)=0.
QFE(KsN)=0,
XOL=0.01
DO 965 L=1+50
QF (KsN)=QF (Ko NY+FWE (L s K)*¥OW (L sNN)
DEN{KoN)Y=DENIKsNI+QW (L s NNI¥SUMI (L +K)
XOL=X0OL+e02
965 CONTINUE
QE(KINI=QE(KsN) 750,
DEN{(KsN)=DEN(KsN}I*¥XLOR/(2CO0*SQRT(T(N)))
ROR=ROKR+402
962 CONTINUE
DO 903 L=1+50
QWILsN)I=0,
PO 963 M=1,450
GWILON)Y=QWI{LsN)+FWW{LsM)*¥OQW (MyNN)
953  CONTINUFE
QWIL NI =QWIL NI *XLOR/10",
9072 TANTINUE
XOL==1e
DO 902 L=1+31
XDEN(LsN)=0,
DO 901 M=1,450
XM=M
XDEN{LaN)=XDEN(LsN)+OW(MyNN)/ (1 a+XLOR®¥#%2% (XOL—-(XM=g5)/50,4)%%D)
2 F¥(3e/24)
901 CONTINUF
XDFN{LIN)Y=XDEN(L sN)®XLOR/ (1NN *SQRTI(TIN)))
XOL=XCL+a1
902 CONTINUF
720  CONTINUE
NN=N=1
WRITE(6+596) NNs {QE{(KsN) 9K=1951) s (DEN(KsN)sK=1951) o (XDEN(LsN)>
1 L=1931)e(QWILeNIsL=1e50)
5956 FORMAT(1HOs26X9 1591 0HCOLLISIONS///X99HAE VALUESe5X96{(2Xs1PE15e7)/
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28

12

892

69

880

563

964

765

EDATA
ALPH

30

JTU15Xs6(2Xs1PE1547)//)15Xs3(2Xs1PE15e7)//1Xs10HDEN VALUESs4Xs
AE2Xy1PE1547)//7(15Xs6(2Xs1PE1547)//)515Xs3(2Xs1PE1547)//1Xs
T4HCLLoDFN VALUESs£(2Xs1PF1547)/ /4 (15X 9A (2Xs1PF1547)//) 315X
TU2Xs1PE18 7))/ /51X s0HAW VALIIFSs6Xs6(2Xs1PRE154,7)//7(15Xs
BL2Xs1PF15,7)V//)15Xs2(2Xs1PE184T)/ /)

COMTINUE

P12 K=1s5]1

ROE(K)=,

ROFN(K)=C,

DO 12 N=1sMAXN

RQE (K)=ROE (K)+QF (KsN)

RDEN (K)=RDEN(K)+DEN(KsN)

CONTINUE

WRITE(65592) (RQE(K)sK=1551)s(RDEN(K)sK=1951)

FORMAT(1HO s 29HTOTAL EXIT FLUX SUM QF VALUES//8(15Xs6(2Xs1PF1547)

1 //)15X93(2Xs1PE1547)//1Xs13HTOTAL DENSITY//B(15X+A(2X,

D IPEI5,T)/ /) 15X 22X IPF1647)//)

DY 69 L=1,50

ROWIL) =D

DO A9 N=1sMAXN

RAW (L) =ROW(L)+QWILsN)

CONTINUE

DO 880 L=1,31

RXDENIL)=C

PO 88U N=1sMAXN

RXDFN(L)=RXDEN(L)+XDEN(LsN)

CONT INUE
WRITF(65593) (ROW(L) sL=1550)s (RXDFN(L)sL=1531)
FORMAT (1HO s 29HTOTAL WALL FLUX SUM QW VALUFES//8(15Xs6(2Xs

1 1PF1547)//115Xs2(2X»1PF1547)//1H0»25HTOTAL CENTFR LINF DENSITY//

2 S(15Xs6(2Xs1PF15e7)//115Xs1(2Xs1PE1547)//)

NEINT=C,

PO 964 K=2+50

XK=K~1

QETNT=QE INT+RQE (K ) *XK

CONTINUE

QFEINT=QEINT/12504+RQE(51) /50,

WRITE(65765) QFINT

FORMAT (1HC s 16HTOTAL FLOW RATE=1PF1547/)

GO TO 6742

STOP

FND

(S LI N

A=1e9TSOTO=6e5sXLOR=4e0sMAXN=4]1s/
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